If deconfined quark matter exists inside compact stars, the primary cooling mechanism is neutrino radiation via the direct Urca processes d → u+e+νe and u+e → d+νe. Below a critical temperature, Tc, quark matter forms a colour superconductor, one possible manifestation of which is a condensate of ud quark Cooper pairs in an electric-charge neutralising background of electrons. We compute the neutrino emission rate from such a phase, including charged pair-breaking and recombination effects around Tc, and find that in the temperature range 0.4 ≤ T /Tc ≤ 0.7 the pairing-induced suppression of the neutrino emission rate is not exponential but approximately linear instead. The rate obtained is thus substantially larger than that estimated previously, a result which emphasises that pair-breaking can be an important factor in the emission of neutrinos from a superfluid.
If deconfined quark matter exists inside compact stars, the primary cooling mechanism is neutrino radiation via the direct Urca processes d → u+e+νe and u+e → d+νe. Below a critical temperature, Tc, quark matter forms a colour superconductor, one possible manifestation of which is a condensate of ud quark Cooper pairs in an electric-charge neutralising background of electrons. We compute the neutrino emission rate from such a phase, including charged pair-breaking and recombination effects around Tc, and find that in the temperature range 0.4 ≤ T /Tc ≤ 0.7 the pairing-induced suppression of the neutrino emission rate is not exponential but approximately linear instead. The rate obtained is thus substantially larger than that estimated previously, a result which emphasises that pair-breaking can be an important factor in the emission of neutrinos from a superfluid. The direct Urca neutrino emission process (in-medium β-decay), which was originally introduced in studies of stellar collapse and supernova explosions [1] , plays a pivotal role in the cooling of compact stars [2, 3] . When kinematically allowed, it is the most efficient mechanism by which a neutron star composed only of ordinary nuclear matter can lose thermal energy over the first million years of its lifetime [4] . It is possible that the proton concentration in the interior of such a star may be insufficient to satisfy energy-momentum conservation in the decay n → p + e +ν e . However, if the interior contains unpaired quark matter, then the reactions d → u + e +ν e and u + e → d + ν e can proceed easily owing primarily to the large kinetic energy of the quarks. These reactions provide for prodigious neutrino emission rates that dominate over all other sources of neutrino production. Hence, the presence of unpaired quark matter in a neutron star is expected to dramatically alter the star's cooling rate and consequently its temperature-age profile, in which case astronomical observations of this profile may be used to place constraints on the abundance of quark matter in stellar interiors.
This straightforward connection may be undermined if quarks condense to form Cooper pairs in the high-baryondensity stellar-interior. (Aspects and consequences of such condensation are described in Refs. [5] .) In this instance, one might anticipate that the direct Urca neutrino rate at temperatures T < T c will be greatly suppressed owing to the cost of bridging the pairing gap ∆(T ) via thermal excitation. (T c < ∼ 0.1 GeV is the temperature above which the pairing gap disappears.)
Herein we show that this is not necessarily the case because at moderate temperatures, T < ∼ T c , modifications of the phase-space occupation factors resulting from the gap are non-exponential, and the breaking and formation of pairs also contributes to the neutrino rate. In the following we describe a calculation that illustrates these features and supports a view that the suppression just below T c is not as severe as hitherto believed. This enables us to quantify the direct Urca neutrino rate in superconducting quark matter, which may be relevant to the cooling of compact stars.
The baryon density at the core of a 1.4 M ⊙ neutron star is estimated to be 3.6 -4.1 ρ 0 [6] . At that density, an ultrarelativistic two-flavour quark gas is characterised by a chemical potential µ u,d ∼ 0.4 GeV > ∼ Λ QCD . Perturbation theory is not a valid tool at this value of µ u,d and hence the true nature of the ground state of quark matter at this chemical potential is not certain. Far from this scale; namely, at µ u,d ≫ Λ QCD , perturbation theory indicates that quark matter exists in a colour-flavour-locked phase (CFL) [7] . However, that is only one amongst many phases which may be realised as the chemical potential is reduced from asymptotic values to that characteristic of a neutron star interior [8, 9] . (NB. Measured in scales typical of QCD, neutron stars are cool; viz., T ≃ 0.)
We will explore a minimal realistic scenario of two-flavour (u, d) quark matter, with spin-singletchannel pairing, constrained by charge neutrality and β-equilibrium. Since increasing µ promotes quark-quark pairing, while increasing quark mass opposes it; viz., the magnitude of any putative gap, ∆(T ), increases with increasing chemical potential but decreases with increasing mass, this picture can be valid when the relevant s-quark mass-scale [10] 12] this means our scenario may be valid for M s (µ, T ) > ∼ 0.2 GeV. On this domain the s-quark is too heavy to influence pairing between the light-quarks. Hence it plays no role in our subsequent analysis. We note that M s (µ ∼ 0.4 GeV, T < T c ) > 0.2 GeV is plausible [11] .
It is plain that the enforcement of charge neutrality and β-equilibrium entails a mismatch between the u-and dquark chemical potentials; i.e., δµ = (µ d − µ u )/2 = µ e /2. If δµ > ∆ then gapless modes can appear on the Fermi surface [13] . However, neutrino emission in the gapless phase has recently been addressed [14] and therefore we limit ourselves to the domain δµ ≤ ∆ on which gapless modes are absent.
The direct Urca rate in ungapped quark matter is also influenced by non-Fermi liquid effects that generate logarithmic corrections to the rate below a typical electric screening scale [15] . However, in colour superconducting matter, onset of the BCS instability, driven by soft magnetic exchanges between quarks, occurs well before the electric screening scale is reached. This obviates the need to include such effects in the light quark sector.
These observations enable us to restrict our calculation of the T < T c neutrino signal strength to a clearly defined domain of parameter space without additional complications.
Pair breaking and formation processes play a central role in the neutrino radiation era of neutron star cooling once the interior reaches T ≤ T c [16, 17] . The inclusion of pair-breaking and recombination effects around T c is therefore an important feature of our study. Moreover, while extant research stresses the importance of pair breaking and formation to neutrino emission in nuclear matter and the cooling of neutron stars [18, 19, 20, 21] , the implications for quark matter remain largely unexplored [22] . In remedying this, we aim also to complement recent progress in the theory of dense quark matter. NB. In Ref. [22] , neutral current quark Cooper pair breaking and emission was addressed without accounting for issues germane to the actual pattern of pairing. Herein, we rectify that situation.
In order to calculate the total neutrino emission rate we note that, since the rates for β-decay and electron capture are identical in β-equilibrated matter, it is only necessary to compute one rate, say d → u + e +ν e , and subsequently multiply the result by two.
We employ the Kadanoff-Baym formalism [23] , wherein the neutrino emissivity, defined as the neutrino rate per unit volume, can be related to the W -boson polarisation tensor in the superconducting phase; namely,
where: G F is the Fermi weak coupling constant; q 1,2 = (ω 1,2 , q 1,2 ) are the 4-momenta of the leptons (e and ν, both considered massless and labelled, respectively, by indices 1 and 2) and ℓ is the W -boson momentum; qi := 
At one-loop level in the superconducting phase, the re-
One-loop W -polarisation tensor: (a) normal piece, which represents the sole contribution above Tc; and (b) "anomalous" piece, which is proportional to ∆ 2 (T ) and vanishes at Tc. The imaginary part of (b) (finite below Tc) contributes to the charged pair-breaking and formation ν-rate.
by combining the two physically distinct contributions illustrated in Fig. 1 . To evaluate this tensor, we require expressions for the quark propagators in the two-flavor superconductor. These are detailed in [24] , where the gluon polarization was studied. For our purpose, we replace the gluon vertex by the weak vertex Γ
, where τ ± = (τ 1 ± τ 2 )/2 are flavor-raising and lowering operators constructed from Pauli matrices. In addition, antiparticle contributions are neglected because we work at large quark chemical potential.
It follows that diagram (a) in Fig. 1 represents
with
where the trace is over colour, flavour and spinor indices. In Eq. (3),
, and the Matsubara sum is over discrete frequencies p 0 = iω n = (2n + 1)iπT , with k 0 = p 0 + ℓ 0 ; while in Eq. (4)
We observe that in the normal phase, defined by ∆ ≡ 0, ξ = E and
unless the quark masses are nonzero or one includes perturbative corrections to the free quark dispersion relation. This follows from four-momentum conservation, which for massless free quarks requires all four particles to be collinear; viz.,q 1 ·k = 1 =q 2 ·p. It is modification of the dispersion relation through ∆ = 0 that opens up phase space and enables direct Urca. Moreover, since the gap is non-perturbative one may regard this contribution as an all-orders correction to the quark dispersion relation, albeit in a weak coupling approximation. It follows that the direct Urca rate at T c , the non-analytic point whereat the gap vanishes, differs from that reported in Ref. [2] , which includes only leading order perturbative corrections. Hence a direct comparison between the two rates above the transition temperature is invalid. Indeed, in our calculation the rate vanishes above T c because Eq. (6) is satisfied. Reference [2] may nevertheless be used to show that for T < T c the rate is not exponentially suppressed.
Turning to the anomalous contribution, (b) in Fig. 1 , which has gap insertions in the quark lines, we obtain
where
In Eqs. (3) and (7), the trace over the colour-flavor structure of the condensate yields a factor of two.
The material features of the anomalous contribution, Eq. (7), are that it appears only in the superconducting state and vanishes quadratically with ∆ as T → T − c . For our argument and illustration it is sufficient to employ a parameterization of the gap [25] ; viz.,
with ∆(T ) ≡ 0 for T > T c , which is based on the BCS model calculation of Ref. [26] . While modifications to this profile have a modest quantitative impact on our results, they are immaterial to our primary conclusions. Since we have simple algebraic expressions for each element that appears in Eqs. (3) and (7), it is straightforward to evaluate the Matsubara sums and subsequently to obtain the imaginary part of the retarded polarisation tensor via analytic continuation [27] ; i.e., ℓ 0 → ℓ 0 + iǫ. From Eq. (3) one obtains the normal contribution:
where: f ±,α r = f (ξ ± r + αδµ), r = p, p + ℓ, are equilibrium free particle Fermi distribution functions; δ n (ℓ (7): ) terms, on the other hand, express breaking of charged Cooper pairs when the total energy ℓ 0 exceeds the pair threshold; viz., ℓ 0 > 2∆. The delta functions also simplify the evaluation of the integrals in Eqs. (10) and (11) . More importantly, they place bounds on the magnitude of p 2 so that the integrals are finite. At this point we return to the neutrino emission rate of Eq. (1). In addition to Eq. (6), which is non-zero for a modified quark dispersion relation, we have
The loss of Poincaré covariance in-medium is apparent in the dependence of F on ℓ 0 and ℓ 2 separately, instead of a dependence upon the combined invariant ℓ 2 = ℓ 2 0 − ℓ 2 . It is straightforward to evaluate the neutrino emission rate in Eq. (13) . One of the integrations, say that over the neutrino's three-momentum, is made trivial by the factor δ 3 (ℓ − q 1 − q 2 ): q 2 = ℓ − q 1 , which leaves δ(ℓ 0 − ω 1 − ω 2 ) with ω 2 = |q 2 | = |ℓ − q 1 |. This last distribution bounds the accessible domain of |q 1 |; namely, ℓ 0 − |ℓ| < 2|q 1 | < ℓ 0 + |ℓ|, and fixes the value of ℓ ·q 1 within this domain. It remains to evaluate the integrals over |q 1 |, ℓ and ℓ 0 , tasks we perform numerically, in the order listed. NB. The Bose factor n B (ℓ 0 ) guarantees rapid convergence of the ℓ 0 integral. To focus on the effects of interest in the emissivity, we factor out the known overall dependence of the emissivity on the lepton chemical potentials and the temperature by defining a reduced emissivity
This dimensionless quantity is depicted in Fig. 2 , wherein the values chosen for the parameters µ d , µ u and ∆ 0 are typical of two-flavour color superconducting quark matter. NB. So long as one does not enter the gapless phase, the features apparent in the figure persist for a wide range of parameters (chemical potentials and gap). The peak evident in Fig. 2 arises because of competing effects between the gap (which ensures that, below T c , considerable phase space is available for neutrino emission) and thermal occupation factors (which decrease particle excitations with decreasing temperature). Naturally, the larger the gap, ∆ 0 , the higher the peak. NB. In this calculation, the position of the peak is determined only by the fitting formula in Eq. (9) .
Both the anomalous and normal contributions vanish quadratically with the gap as T → T − c . For the anomalous term this owes to the explicit ∆ 2 in front of Eq. (7), while it occurs for the normal contribution because of leading-order corrections to the result in Eq. (6), which are also quadratic in ∆.
For T ≪ T c , both contributions are suppressed, behaving as exp(−2∆(T )/T ), which indicates that pairbreaking [δ(l −− 0 ) terms in Eqs. (10) and (11)] is in control of the emissitivity's behaviour. The scattering contribution [δ(l +− 0 ) and δ(l −+ 0 ) terms] is small because of the large degeneracy of the quarks. It is only when the temperature is large enough to substantially quench the superconducting state that the scattering terms contribute as much as the pair-breaking terms.
Another interesting feature of Fig. 2 is that while we recover the exponential suppression expected at very low temperatures [29] , on the domain 0.4 < T /T c < 0.7, the moderation is not exponential but only linear; viz., the commonly assumed exponential decay exp(−∆/T ) underestimates the emissivity. Similar observations were made in Ref. [30] for the case of direct Urca via nonrelativistic nucleons in asymmetric nuclear matter in the absence of pair breaking effects. Charged-current pairbreaking of nucleons was included in Ref. [20] and, viewed as a relativistic generalisation that also includes specifics of the pairing pattern in colour superconducting quark matter, our results serve to reinforce the relevance of pairbreaking and formation processes for neutrino emission rates from superfluids.
Our calculation in the two-flavour phase is indicative of similar enhancements in the neutrino rate below T c for the three-flavor superconductor (CFL phase). However, in that case quark quasiparticle excitations play a role secondary to CFL Goldstone bosons so far as neutrino emission and cooling of stars with a CFL core are concerned [31, 32] . As a follow up to the present study, it may be useful to determine the neutrino opacity in a two-component quark superfluid. This, determined by scattering and absorption of neutrinos, might be accomplished by following the pattern of Ref. [33] . In addition, an assessment of the neutrino emission rates from neutral current mediated pair-breaking processes would be relevant to spin-one phases of paired quark matter [34] .
We focused on charged pair breaking because the neutrino emission rate generated by direct Urca is far greater than that provided by the neutral analogue (neutrino bremsstrahlung). In addition, for the two-flavour case there are no charged Goldstone modes that can couple to neutrinos. The contribution to neutral-current neutrino scattering and emission from such soft (ω ≪ ∆) collective excitations was highlighted for the CFL phase in Ref. [33] . For example, their inclusion is essential to an internally consistent truncation of the Dyson-Schwinger equations and the concomitant preservation of relevant Ward-Takahashi identities. As noted, such contributions are absent in the discussion of a two-flavour superconductor and one can unambiguously obtain the transverse part of the W -boson polarisation tensor without modeldependent assumptions about the dressed weak vertex.
To close, we note that the temperatures within a star during the protoneutron phase of its evolution may support a color superconducting state in its dense core because the critical temperature is anticipated to be large: T c ≈ 0.6∆ 0 ∼ 50 MeV. Neutrinos would interact often inside quark matter and therefore serve as an electroweak probe of the superconducting phase. Numerical simulations of the early stages in the evolution of newly-born hot neutron stars indicate that these systems support a lepton fraction of ≈ 0.4 [35] . With the neutrinos trapped, this fraction represents electrons and neutrinos. Now, should a transition to neutral quark matter take place at this early stage, the system can satisfy the condition of β-equilibrium (µ d − µ u = µ e − µ νe ) while supporting an electron fraction x e ≈ 0.2. (NB. Neutrinos free stream in a cool star, in which case µ νe ≈ 0 and x e ≈ 0.01.) Furthermore, recent model estimates of the equation of state for β-equilibrated charge-neutral matter suggest that in the dense core of a neutron star, despite its positive charge, two-or three-flavour Cooper-paired quark matter can occupy a large fraction of the volume as one component of a mixed phase that also contains normal quark matter [36] .
Such a large volume necessitates an estimate of the emissivity of the gapped phase, and our results reliably represent the contribution of pair-breaking effects to the emissivity for the physical situation described above. Considered together with neutrino opacities, which are large at T ∼ T c , it is apparent that the results illustrated by Fig. 2 are pertinent to any detailed computation of the cooling history of a star that undergoes a phase transition from nuclear matter to superconducting quark matter.
